Cells in hyperspaces  by Pellicer-Covarrubias, Patricia
Topology and its Applications 154 (2007) 1002–1007
www.elsevier.com/locate/topol
Cells in hyperspaces
Patricia Pellicer-Covarrubias
Departamento de Matematicas, Facultad de Ciencias, Circuito exterior s/n, Ciudad Universitaria, CP 04510, Mexico DF, Mexico
Received 1 January 2004; accepted 3 December 2004
Abstract
Let C(X) denote the hyperspace of subcontinua of a continuum X. For A ∈ C(X), define the hyperspace C(A,X) =
{B ∈ C(X): A ⊂ B}. Let k ∈ N, k  2. We prove that A is contained in the core of a k-od if and only if C(A,X) contains a
k-cell.
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1. Introduction
Throughout this paper, C(X) will denote the hyperspace of subcontinua of a continuum X equipped with the
Hausdorff metric H (see Definitions 1.6 and 2.1 in [5]). Also, for a subset W of a continuum X, we define C(W) =
{A ∈ C(X): A ⊂ W }. Further, for A,B ∈ C(X), with B ⊂ A, define the hyperspace C(B,A) = {D ∈ C(A): B ⊂ D}.
For simplicity, if p ∈ X, C({p},X) will be denoted just by C(p,X).
A Whitney map for C(A,X) is a mapping μ :C(A,X) → [0,∞) such that μ(X) = 1, μ(A) = 0 if A is a one-point
set, and μ(D) < μ(B) whenever D  B . Further, a Whitney level of C(A,X) is a set of the form μ−1(t), where μ is
a Whitney map for C(A,X) and t ∈ [0,1].
The hyperspaces C(A,X) had not been largely investigated. Nevertheless there are some known results about them.
Among the most important are the following.
Lemma 1.1. [5, Theorem 66.4] Let X be a continuum and let A ∈ C(X). If μ is a Whitney map for C(A,X), then
μ−1(r) is an AR for every r ∈ [0,1].
Theorem 1.2. [1, Theorem 2] Let X be a continuum and let A ∈ C(X). Then C(A,X) is an AR.
For a continuum X define K(X) = {C(p,X): p ∈ X} and let I denote the unit interval. For continua X and Y ,
we will say that K(X) coincides with K(Y ) provided that there exists a bijective function ϕ :K(X) →K(Y ) such that
C(p,X) is homeomorphic to ϕ(C(p,X)) for every p ∈ X.
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characterized as the class of continua having two end-points and arcs as proper nondegenerate subcontinua (see [7]).
In the same paper, other classes of continua are characterized as well, in terms of the hyperspaces C(p,X).
Also, a full characterization of the hyperspaces C(p,X) is given when X is an atriodic continuum. As a conse-
quence of this characterization, it follows that C(A,X) is planar for every A ∈ C(X) if and only if X is an atriodic
continuum (see [10]).
Further, it is known that the hyperspaces C(X) and 2X are continua (see [6, Theorem 1.13]). In [9] it is shown that
the hyperspace K(X) is not always a continuum. Conditions are given under which it is compact, connected, arcwise
connected and locally connected. As an application, a characterization of hereditarily indecomposable continua is
given.
Moreover, for p ∈ X, define the hyperspace 2Xp = {A ∈ 2X: p ∈ A} and consider the mapping A → A ∪ {p}. In
[8], necessary and sufficient conditions are given under which this mapping is a deformation retraction or a strong
deformation retraction from 2X onto 2Xp . Similar results are obtained for the case in which the domain of the mapping
is C(X). Finally, local connectedness of a continuum is characterized in terms of the behavior of these mappings.
Let k ∈ N. A continuum Y is a k-od provided there exists M ∈ C(Y ) such that Y \M has at least k components. In
this case, we will say that M is a core of the k-od. Also, X is a k-cell if X is homeomorphic to [0,1]k .
It is known that a continuum X contains k-ods (k  2) if and only if C(X) contains k-cells (see [5, Theorem 70.1]).
In this paper we prove that a hyperspace C(A,X) contains k-cells if and only if A is contained in the core of a k-od.
2. Preliminaries
A continuum means a compact, connected metric space and a mapping means a continuous function. We denote
by I the unit interval and by N the set of all positive integers.
Further, for a continuum X, and A ⊂ B ⊂ X, we denote by clB(A), intB(A) and bdB(A) the closure, the interior
and the boundary of A with respect to B . In case that B = X, we shall simply omit the subindex.
Also, if U1, . . . ,Uk are open subsets of X, let 〈U1, . . . ,Uk〉 denote a Vietoris set, namely: 〈U1, . . . ,Uk〉 =
{A ∈ C(X): A ⊂⋃ki=1 Ui and A ∩ Ui = ∅ for each i}. It is known that the family B = {〈U1, . . . ,Uk〉: Ui is open and
K ∈ N} is a base for the topology induced by the Hausdorff metric in C(X) (see [5, Theorems 1.2, 3.1]).
Let A,B ∈ C(X). An order arc from A to B is a mapping α : I → C(X) such that α(0) = A, α(1) = B , and
α(r)  α(s) whenever r < s (see [6, 1.2–1.8]).
3. Cells in the hyperspaces C(B,X)
Definition 3.1. Let A and Y be subcontinua of a continuum X such that A  Y , and let H ∈ C(A). We say that H
is in the semi-boundary of C(A) in C(Y ) provided there exists an order arc α, from H to Y , such that α(t) \ A = ∅
whenever t > 0 (see [4]). We denote the semi-boundary of C(A) in C(Y ) by Sb(A,Y ).
Definition 3.2. For a continuum X, a point p ∈ X and A,Y ∈ C(p,X) such that A  Y , we define Sb(p,A,Y ) =
Sb(A,Y ) ∩ C(p,Y ).
Throughout this paper, we shall adopt the following notation. The letter p will denote a point of a continuum X,
and A and Y will always be elements of C(p,X) such that A  Y . Furthermore, F will denote a subcontinuum of
Sb(p,A,Y ) with the following property: for each B ∈F and any D ∈ C(B,A) we have that D ∈F . If this holds, we
will say that F is an upperly closed family with respect to A.
Definition 3.3. Let k ∈ N and let T be a subset of C(X). We say that T ∈Nk provided no k-od can be constructed
with the elements of T , that is: whenever B,C ∈ T we have that B \ C has at most k − 1 components.
Lemma 3.4. Let B,D ∈ C(p,A) and let k ∈ N. If p is not contained in the core of any k-od, then both B \ D and
D ∩ B have at most k − 1 components.
Proof. If B \D has at least k components, then B ∪D is a k-od with core D: a contradiction. Suppose now that D∩B
has at least k distinct components D1, . . . ,Dk . For each i ∈ {1, . . . , k} take an order arc αi from Di to B and choose
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that [D ∪ α1(s) ∪ · · · ∪ αk(s)] \ D has at least k components: again a contradiction. 
Lemma 3.5. Let B ∈ C(p,A) and let {Bn}∞n=1 ⊂ C(p,Y ) be a sequence which converges to B such that Bn \ A = ∅for every n ∈ N. Then, B ∈ Sb(p,A,Y ).
Proof. We shall assume that B1 = Y . Also, taking a subsequence if necessary, we may assume that Bn \ (B ∪⋃{Bi : i  n + 1}) = ∅ for every n ∈ N.
For each n ∈ N define Kn = B ∪⋃{Bi : i  n}. Then, Kn+1  Kn for every n and Kn → B . Also, for each n ∈ N,
take an order arc βn : [ 1n+1 , 1n ] → C(p,Kn), from Kn+1 to Kn, that is, βn( 1n+1 ) = Kn+1 and βn( 1n ) = Kn. Define
a function β : I → C(p,Y ) given by:
β(s) =
{
βn(s), if s ∈ [ 1n+1 , 1n ],
B, if s = 0.
We shall show that β is an order arc from B to Y .
Note that βn+1( 1n+1 ) = Kn+1 = βn( 1n+1 ). Thus, to show that β is continuous, it is enough to show that it is con-
tinuous at 0. Let {ti}∞i=1 ⊂ I be a sequence converging to 0, and suppose ti ∈ [ 1ni+1 , 1ni ]. Then, it is easy to see that
ni → ∞. Furthermore, for each i we have B ⊂ Kni+1 ⊂ βni (ti) and β(ti) = βni (ti) ⊂ Kni → B = β(0). Therefore,
β(ti) → β(0). Thus, β is continuous.
Moreover, β(0) = B and β(1) = β1(1) = K1 = B1 = Y . Further, take s, t ∈ I with s < t . If 1n+1  s < t  1n for
some n ∈ N, then β(s) = βn(s)  βn(t) = β(t). If, on the other hand, s < 1n < t for some n ∈ N, then it is not difficult
to see that β(s)  Kn  β(t). Thus, in either case β(s)  β(t). Hence, β is an order arc from B to Y .
Finally, take t > 0 and n ∈ N such that 1
n
< t . Then, ∅ = Bn \ A ⊂ Bn ⊂ Kn ⊂ β(t). Hence, β(t) \ A = ∅. This
yields B ∈ Sb(p,A,Y ). 
Corollary 3.6. Sb(p,A,Y ) is a closed subset of C(p,A).
Proof. Let {Bn}∞n=1 ⊂ Sb(p,A,Y ) be a sequence which converges to some B ∈ C(p,A). We shall show that B ∈
Sb(p,A,Y ). For each n ∈ N, choose an order arc βn, from Bn to Y , such that βn(t) \ A = ∅ whenever t > 0. Also,
let tn > 0 be such that H(Bn,βn(tn)) < 1n . Then, it is easy to see that the sequence {βn(tn)}∞n=1 converges to B . The
result follows from Lemma 3.5. 
Lemma 3.7. Let K be a closed subset of X such that A  K and let p ∈ K . Then, there is exactly one component
K1 of A ∩ K that contains elements of F and bdF (C(A ∩ K) ∩ F) = Sb(p,K1,A) ∩ F (note that, if p /∈ K , then
bdF (C(A ∩ K) ∩F) = ∅).
Proof. Let K1 be the component of A ∩ K that contains p and let B be an element of F that is contained in A ∩ K .
Since B ∈ C(p,A), it is clear that B ⊂ K1.
Now, suppose B ∈ bdF (C(A ∩ K) ∩ F). This means that B ∈ F , that p ∈ B and that B ⊂ A ∩ K . Thus, B ∈
C(p,K1). Moreover, we may take a sequence {Bn}∞n=1 ⊂ F converging to B , such that Bn \ (A ∩ K) = ∅ for every
n ∈ N. In particular, Bn \ K1 = ∅ for every n ∈ N. Hence, as a consequence of Lemma 3.5, we obtain that B ∈
Sb(p,K1,A) ∩F .
Conversely, take D ∈ Sb(p,K1,A) ∩ F . Then, D ∈ C(A ∩ K) ∩ F and there exists an order arc γ from D to A
such that γ (t) \ K1 = ∅ whenever t > 0. Let n ∈ N. As a consequence of this, we have that γ ( 1n ) ∈ C(A) \ C(A ∩ K)
and γ ( 1
n
) → γ (0) = D. Now, for every n ∈ N we have that D ⊂ γ ( 1
n
) and D ∈ F . Since F is upperly closed with
respect to A, we obtain that γ ( 1
n
) ∈F . Hence, γ ( 1
n
) ∈F \ C(A ∩ K). Therefore, D ∈ bdF (C(A ∩ K) ∩F). 
Lemma 3.8. Let L ∈ C(p,A)\ {A}. Then, Sb(p,L,A)∩F is a subcontinuum of Sb(p,A,Y ), which is upperly closed
with respect to L.
Proof. First we shall prove that Sb(p,L,A) ∩F is upperly closed with respect to L. Let B ∈ Sb(p,L,A) ∩F , and
let D ∈ C(B,L). Then D ∈ F . Moreover, since B ∈ Sb(p,L,A), there exists an order arc β , from B to A, such that
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converges to D and that Dn \ L = ∅ for every n ∈ N. Thus, applying Lemma 3.5, we obtain that D ∈ Sb(p,L,A).
Hence, Sb(p,L,A) ∩F is upperly closed with respect to L.
Recall that F is a subcontinuum of Sb(p,A,Y ). As a consequence of this and of Corollary 3.6, we obtain that
Sb(p,L,A)∩F is a closed subset of Sb(p,A,Y ). Moreover, let B ∈ Sb(p,L,A)∩F and let β be an order arc from B
to L. Since Sb(p,L,A)∩F is upperly closed with respect to L, we obtain that the arc β(I) ⊂ Sb(p,L,A)∩F . Thus,
any element of Sb(p,L,A)∩F can be joined with L by an arc contained in Sb(p,L,A)∩F . Hence, Sb(p,L,A)∩F
is arcwise connected and, therefore, it is a subcontinuum of Sb(p,A,Y ). 
Lemma 3.9. Let k,n ∈ N \ {1} and let L ∈ C(p,A) \ {A}. Then the following conditions hold:
(i) If p is not contained in the core of any n-od, and if F ∈Nk , then Sb(p,L,A) ∩F ∈Nk−1; and
(ii) If p is not contained in the core of any k-od, then Sb(p,A,Y ) ∈Nk−1.
Proof. Suppose that Sb(p,L,A) ∩F /∈Nk−1. Then, there exist B,C ∈ Sb(p,L,A) ∩F such that B \ C has at least
k − 1 components. Let B1, . . . ,Bk−1 be distinct components of B \ C and let bi ∈ Bi for every i ∈ {1, . . . , k − 1}.
Since C ∈ Sb(p,L,A) ∩F , we may take an order arc γ from C to A such that γ (t) \ L = ∅ whenever t > 0. Choose
s > 0 such that bi /∈ γ (s) for every i ∈ {1, . . . , k − 1}.
Now, according to Lemma 3.4, we have that γ (s)∩L has finitely many components. Thus, we may take r ∈ (0, s)
in such a way that γ (r) ∩ L is connected.
Let B ′ = B ∪ γ (r) and C′ = γ (r) ∩ L. Then both B ′ and C′ belong to C(p,A). Note that B ⊂ B ′ and C ⊂ C′.
Since F is upperly closed with respect to A, we obtain that B ′,C′ ∈ F . We shall show that B ′ \ C′ has at least k
components.
B ′ \ C′ = [(B ∪ γ (r)) \ γ (r)]∪ [(B ∪ γ (r)) \ L]= (B \ γ (r))∪ (γ (r) \ L).
Now, B \γ (r) ⊂ B \C and bi ∈ B \γ (r) for every i ∈ {1, . . . , k − 1}. Hence, B \γ (r) has at least k−1 components
which, by the way, are contained in L. Since these components and γ (r) \ L are mutually separated sets, we may
conclude that B ′ \ C′ has at least k components. Thus, we have obtained a contradiction.
Condition (ii) can be proved in a very similar way. 
Proposition 3.10. Let k ∈ N, let r ∈ N \ {1} and suppose that p is not contained in the core of any r-od. If F ∈Nk ,
then dim(F) k − 1.
Proof. We shall prove the proposition by induction on k.
Base. k = 1.
Let B ∈F ∈N1. Then B ⊂ A and A \ B has 0 components. Thus, B = A. Hence, F = {A} and dim(F) = 0.
Inductive step. Assume that if F ∈Nk−1, then dim(F) k − 2 (k  2).
Suppose that F ∈Nk . We will prove that dim(F)  k − 1. Let F ∈ F and let U be an open subset of C(X) that
contains F . We shall show that there exists an open subset W of F such that F ∈W ⊂ U and dim(bdF (W)) k − 2.
Let V be a Vietoris open subset of C(X) such that F ∈ V ⊂ U . Then, V = 〈V1, . . . , Vn〉, for some open subsets
V1, . . . , Vn of X. Take an open subset U of X, such that F ⊂ U ⊂ U ⊂ V1 ∪ · · · ∪ Vn, and let M be the closure of the
component of U ∩ A that contains F .
For each i ∈ {1, . . . , n} let Vi = {D ∈ C(X): D ∩ Vi = ∅}. Then, Vi is an open subset of C(X). Define W =
V1 ∩ · · · ∩ Vn ∩ intF (C(M) ∩F). Clearly, W is an open subset of F . We shall proceed with the proof in a series of
steps.
Step 1. F ∈W .
By construction, F ∩ Vi = ∅ for each i ∈ {1, . . . , n}. Therefore, F ∈ V1 ∩ · · · ∩ Vn. Now, take E ∈ C(U) ∩ F .
Then, p ∈ E ⊂ A and thus, E ∈ C(M). Hence, C(U) ∩F ⊂ C(M) ∩F . Since C(U) is an open subset of C(X), we
conclude that F ∈ intF (C(M) ∩F). Therefore, F ∈W .
Step 2. W ⊂ U .
By construction, W ⊂ V1 ∩ · · · ∩ Vn ∩ C(M) ⊂ V1 ∩ · · · ∩ Vn ∩ C(U) ⊂ V ⊂ U .
Step 3. Let i ∈ {1, . . . , n}. Then, dim(bdF (Vi ∩F)) k − 2.
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According to this and to Lemma 3.7, there is at most one component Li of A∩Ki that contains elements of F . More-
over, bdF (Vi ∩ F) = bdF (F \ Vi ) = bdF (C(A ∩ Ki) ∩ F) = Sb(p,Li,A) ∩ F . Now, according to Lemma 3.8,
we have that Sb(p,Li,A) ∩ F is a subcontinuum of Sb(p,A,Y ) which is upperly closed with respect to Li .
Also, by Lemma 3.9, we have that Sb(p,Li,A) ∩ F ∈ Nk−1. Thus, by the induction hypothesis, we obtain that
dim(Sb(p,Li,A) ∩F) k − 2. Therefore, dim(bdF (Vi ∩F)) k − 2.
Step 4. dim(bdF (intF (C(M) ∩F))) k − 2.
We shall analyze two cases.
If M = A, then bdF (intF (C(M) ∩F)) = bdF (intF (F)) = bdF (F) = ∅. Thus, the conclusion is satisfied.
Suppose now that A \ M = ∅. Lemmas 3.8 and 3.9 yield Sb(p,M,A) ∩ F is a subcontinuum of Sb(p,A,Y )
which is upperly closed with respect to M and Sb(p,M,A) ∩F ∈Nk−1. Hence, by the induction hypothesis, we get
that dim(Sb(p,M,A) ∩F) k − 2. Furthermore, according to Lemma 3.7, we have that bdF (intF (C(M) ∩F)) ⊂
bdF (C(M) ∩F) = bdF (C(A ∩ M) ∩F) = Sb(p,M,A) ∩F .
Therefore, dim(bdF (intF (C(M) ∩F))) k − 2.
Step 5. dim(bdF (W)) k − 2.
Notice that bdF (W) = bdF [(V1 ∩ F) ∩ · · · ∩ (Vn ∩ F) ∩ (intF (C(M) ∩ F))] ⊂ bdF (V1 ∩ F) ∪ · · · ∪
bdF (Vn ∩F) ∪ bdF (intF (C(M) ∩F)).
The result follows from step 3, step 4 and [3, Theorem III 2]. 
Theorem 3.11. Let k ∈ N \ {1}. If p is not in the core of any k-od, then C(p,X) contains no k-cells.
Proof. Suppose that C(p,X) contains a k-cell C and take two distinct elements B,D ∈ C. We may assume that there
is a point b ∈ B \ D. Consider an open subset U of C(p,X) such that D ∈ U and such that if L ∈ U , then b /∈ L.
Take also a k-cell C1 ⊂ U ∩ C that contains D. Define A =⋃{L ∈ C(p,X): L ∈ C1}. Note that b /∈ A. Now, applying
Lemma 3.9(ii), we obtain that Sb(p,A,X) ∈Nk−1. Thus, by Proposition 3.10, we obtain that dim(Sb(p,A,X)) 
k − 2 and we may take C ∈ C1 \ Sb(p,A,X). Also, according to this and to [3, p. 48], we have that Sb(p,A,X) ∩ C
does not separate C. Then, we can take a mapping γ : I → C \ Sb(p,A,X) such that γ (0) = C and γ (1) = B . Let
s = sup{t ∈ I : γ (t) ∈ A}. Then, it is not difficult to see that s > 0 and that γ (s) ∈ Sb(p,A,X): a contradiction.
Therefore, C(p,X) contains no k-cells. 
Corollary 3.12. The point p is contained in the core of a k-od if and only if C(p,X) contains a k-cell.
Proof. The sufficiency follows directly from Theorem 3.11. Now, suppose that p is contained in the core M of a
k-od T . Then, T \ M has at least k components M1, . . . ,Mk . For each i ∈ {1, . . . , k}, take an order arc αi from M to
M ∪ Mi . Define a function h : I k → C(p,X) given by h(t1, . . . , tk) = α1(t1) ∪ · · · ∪ αk(tk). It is easy to see that h is
well defined and continuous. Now, let (r1, . . . , rk), (t1, . . . , tk) ∈ I k be such that ri < ti for some i ∈ {1, . . . , k}. Then
αi(ri)  αi(ti). According to this, it follows that h(r1, . . . , rk) = h(t1, . . . , tk). Therefore, h is one-to-one. Thus, h is
an embedding. Hence, C(p,X) contains a k-cell. 
Observation 3.13. Let X be a continuum and let L ∈ C(X). Consider the space W obtained by shrinking L to a point
p and let g :X → W be such a quotient map. Denote by gˆ :C(X) → C(W) the induced map between the hyperspaces,
given by gˆ(B) = g(B). Then, it is not difficult to see that the restricted function gˆ|C(L,X) :C(L,X) → C(p,W) is
a bijection. Further, it is continuous (see [2]). Thus, C(L,X) and C(p,W) are homeomorphic.
Observation 3.14. Let X,L,W,p and g be as in Observation 3.13. Then, L is contained in the core of a k-od in X if
and only if p is contained in the core of a k-od in W .
Corollary 3.15. Let X be a continuum and let L ∈ C(X). Then, L is contained in the core of a k-od if and only if
C(L,X) contains a k-cell.
Proof. Let W, p and g be as in Observation 3.13. The conclusion is a direct consequence of Observation 3.14,
Corollary 3.12, and Observation 3.13. 
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core of a k-od if and only if there is a k-cell in C(p,X) that contains {p}?
Note that the condition dimC(X) < ∞ in the question above is necessary, as the following example shows.
Example 3.16. There is a continuum X and a point p ∈ X such that {p} is contained in some Hilbert cube in C(p,X),
whereas p is not the core of any ∞-od in X (in fact, p is not the core of any k-od in X).
For each n ∈ N let An be the convex arc in R2 joining the points ( 1n ,0) and ( 1n , 1n ). Let A0 = [0,1]× {0} and define
X =⋃{An: n = 0,1, . . .}. Then, the point p = (0,0) is not the core of any ∞-od in X. Observe also that X is locally
connected and that p is not in the interior (relative to X) of any finite graph in X. Thus, according to [1, Theorem 4],
C(p,X) is in fact a Hilbert cube.
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